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Abstract—Natural convection heat transfer characteristics in a 
differentially heated square enclosure filled with Al2O3-water 
nanofluid is numerically studied in this work. The problem is 
formulated in terms of stream function-vorticity form and the 
resulting governing equations are discretized with finite elements 
using Galerkin's method. Calculations are performed for different 
Rayleigh numbers (103 ≤ Ra  ≤105) and diameters of nanoparticles 
(25 nm ≤ dp ≤ 100 nm). The influence of diameter of nanoparticles on 
flow pattern and temperature distribution for different Rayleigh 
numbers is discussed. 

1. INTRODUCTION 

Natural convection flow and heat transfer within enclosure has 
become an important phenomenon due to its wide applications 
in heat exchangers, electronic cooling, engine cooling, 
building insulation system etc. Study of enhancement of heat 
transfer performance in these systems is important from 
energy saving point of view. The heat transfer performance in 
these systems can be improved by adding nano-sized particles 
of high thermal conductivity in the base fluid. The suspension 
of nanoparticles in the base fluid is known as nanofluid. Due 
to the addition of nanoparticles, thermal conductivity of fluid 
is demonstrated to be significantly higher than the base fluid 
[1]. These nanofluids can be considered as a single phase fluid 
where both the fluid phase and solid nanoparticles are in 
thermal equilibrium. Recently nanotechnology has become 
one of the most important and exciting field of engineering 
and technology and it appears promising to give a new 
direction to technological advancement. Many research have 
been carried out for natural convection in enclosures where the 
increase in heat transfer rate with increasing volume fraction 
of nanoparticles is reported [2, 3]. Oztop & Abu-Nada [4] 
studied the natural convection in partially heated rectangular 
enclosure filled with (Cu, Al2O3 & TiO2)/water nanofluids 
and investigated the effect of volume fraction of nanoparticles 
on fluid flow and temperature field.  

Recently, Kefayati et al. [5] investigated natural convection in 
enclosure using nanofluid of temperature dependent 
thermophysical properties. They observed that the Nusselt 

number first increases as Ra is increased from 103 to 104 and 
then decreases as Ra is increased from 104 to 105. But by 
considering constant properties of nanofluids, Nu was found to 
increase with increase in Ra in the range 103 & 106 as reported 
by Lai & Yang [6]. The nanofluids with variable thermal 
conductivity and viscosity have been studied by Abu-Nada [7] 
for enclosures having various aspect ratios, where the 
enclosures having high aspect ratios showed more 
deterioration in the average Nusselt number than that of 
enclosures having low aspect ratios. Several other 
investigations have also been carried out with varying width to 
height aspect ratio. Corcione [8] observed that enclosures with 
high aspect ratios showed more deterioration in average Nu 
than that for enclosures having low aspect ratios. C. Lin & 
Violi [9] investigated the effect of non-uniform particle 
diameter on thermal conductivity in differentially heated 
enclosure. They observed that the heat transfer characteristics 
were enhanced with decrease in mean nanoparticle diameter. 
In the present work, the effect of nanoparticle size on flow and 
heat transfer characteristics in square enclosures has been 
studied. 

2. ANALYSIS 

Fig. 1 shows the schematic of the square enclosure considered 
for this study. The enclosure having length L containing 
Al2O3/water nanofluid is differentially heated at the side walls 
while the top and bottom walls are insulated. The left and the 
right vertical walls are kept at high and low temperature 
respectively. No slip condition is employed at all the walls. 
The nanofluid is considered as Newtonian, incompressible and 
the nanoparticles are assumed to have uniform shape and size. 
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Fig. 1: Sketch of problem geometry and coordinate system 

The flow of nanofluid inside the enclosure is considered to be 
laminar. The nanofluid is assumed to behave like a single 
phase fluid with its effective properties as temperature 
dependent. Boussinesq approximation is employed for gravity 
terms in the momentum conservation equation. Based on these 
assumptions, the governing equations are written in 
dimensional form as follows: 

Continuity equation 
𝜕2𝜓
𝜕𝑥2

+ 𝜕2𝜓
𝜕𝑦2

= −𝜔 (1) 

Momentum equation 

𝑢 𝜕𝜔
𝜕𝑥

+ 𝑣 𝜕𝜔
𝜕𝑦

= 𝜈𝑛𝑓𝛻2𝜔 + g𝛽 𝜕𝑇
𝜕𝑥

 (2) 

Energy equation for constant fluid properties without internal 
heat generation, and negligible viscous dissipation 

𝑢 𝜕𝑇
𝜕𝑥

+ 𝑣 𝜕𝑇
𝜕𝑦

= 𝛼 �𝜕
2𝑇
𝜕𝑥2

+ 𝜕2𝑇
𝜕𝑦2

� (3) 

By using the following dimensionless variables, 

X =
x
L

 ,𝑌 =
y
L

,𝑈 =
u

µr ρrL⁄  
 ,𝑉 =

v
µr ρrL⁄  

,𝜃

=
𝑇 − 𝑇𝑐
𝑇ℎ − 𝑇𝑐

, 

𝛺 = 𝜔𝐿
µr ρrL⁄

 ,𝛹 = 𝜓
µr/ρr

  (4) 

The governing equations can be written in non-
dimensionalised form as 

𝜕2𝛹
𝜕𝑋2

+ 𝜕2𝛹
𝜕𝑌2

= −𝛺 (5) 

𝑈 𝜕𝛺
𝜕𝑋

+ 𝑉 𝜕𝛺
𝜕𝑌

= 𝑃𝑟 ∇2𝛺 + Pr𝑅𝑎 𝜕𝜃
𝜕𝑥

 (6) 

𝑈 𝜕𝜃
𝜕𝑋

+ 𝑉 𝜕𝜃
𝜕𝑌

= ∇2𝜃 (7) 

The dimensionless boundary conditions are 

On the left wall i.e. X=0, 

 𝛺𝑖,𝑗 =
−2(𝛹𝑖,𝑗+1−𝛹𝑖,𝑗)

(∆𝑋)2
, Ψ=0, θ= 1 

On the right wall i.e. X=1, 

 𝛺𝑖,𝑗 =
−2(𝛹𝑖,𝑗+1−𝛹𝑖,𝑗)

(∆𝑋)2
, Ψ=0, θ= 0 

On the top and bottom walls i.e. Y=0 and Y=1, 

Ψ=0, 𝛺𝑗,𝑖 =
−2(𝛹𝑖,𝑗+1−𝛹𝑖,𝑗)

(∆𝑌)2
, Q=0 

(where, i, j represents a point on the wall, and i, j+1 represents 
a point on an adjacent layer at a distance ∆y from the wall [4]) 

The equations for temperature-dependent thermophysical 
properties of water [17] and Al2O3 [18] are incorporated in 
the numerical procedure and the nanofluid effective properties 
are calculated [10, 11, 12, 13, 16] as  

𝑘𝑛𝑓
𝑘𝑓

= 1 + 4.4𝑅𝑒0.4𝑃𝑟𝑓0.66( 𝑇
𝑇𝑓𝑟

)10(𝑘𝑠
𝑘𝑓

)0.03𝜙0.66 (8) 

Where, Tfr is the freezing point temperature of water. 
𝜇𝑛𝑓
𝜇𝑓

= 1
1−34.87(𝑑𝑝 𝑑𝑓⁄ )−0.3𝜙1.03  (9) 

𝜌𝑛𝑓 = 𝜙𝜌𝑠 + (1 − 𝜙)𝜌𝑓 (10) 

𝐶𝑛𝑓 =
(1−𝜙)(𝜌𝐶)𝑓+𝜙(𝜌𝐶)𝑠

(1−𝜙)𝜌𝑓+𝜙𝜌𝑠
 (11) 

𝑅𝑎 = 𝑅𝑎𝑓
(𝜌 𝜌𝑓⁄ )𝑟 (𝐶 𝐶𝑓⁄ )𝑟
(𝑘 𝑘𝑓⁄ )𝑟 (𝜇 𝜇𝑓⁄ )𝑟

 ×  𝜌𝑐−𝜌ℎ
(𝜌𝑓)𝑐−(𝜌𝑓)ℎ

 (12) 

𝑃𝑟 = 𝑃𝑟𝑓
(𝐶 𝐶𝑓⁄ )𝑟 (𝜇 𝜇𝑓⁄ )𝑟

(𝑘 𝑘𝑓⁄ )𝑟
 (13) 

3. NUMERICAL PROCEDURE AND CODE 
VALIDATION  

 
Fig. 2: Computational domain with mesh pattern 

The governing equations are solved by finite-element method. 
The computational domain is represented by (M × N) nodes 
and 2(M-1) × (N-1) linear triangular elements as shown in Fig. 
2. All the governing equations for mass, momentum and 
energy are numerically discretized in the computational 
domain using above mentioned triangular elements. The 
equations are developed first by using Galerkin’s method and 
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then assembled in order to get equations for whole 
computational domain. The necessary boundary conditions: 
isothermal walls along y-direction and insulated walls along x-
direction are imposed, which modifies both the conductivity 
matrix and heat rate vector appropriately. Initially, the nodal 
temperatures are obtained by assuming only conduction. At 
element temperature, the effective Ra and Pr are calculated 
(Eq. 12, Eq. 13). Taking these values, the momentum equation 
is solved to find the vorticity at each nodal point. The 
vorticity, thus obtained, is used to solve the continuity 
equation. So the values of stream function at each node are 
obtained. From the stream function values, the velocity field is 
updated. Then the energy conservation equation for 
convection is solved to find the updated temperature field. The 
various properties of nanoparticle, base fluid and nanofluid are 
calculated at the updated temperature with the same procedure 
discussed earlier. Then the updated temperature and velocity 
field are again used to solve the momentum equation for 
updating the vorticity at each node. Due to the interlocking of 
various equations as well as boundary conditions, an iterative 
process is needed for obtaining the numerical solution. This 
iterative procedure is continued till the convergence is 
obtained (i.e. θn+1 – θn < 10-5); where n+1 and n signify two 
consecutive levels of iteration. The author experienced during 
the investigation that under-relaxation of momentum and 
energy equations are required for obtaining convergence. The 
Nusselt number at hot and cold side walls are obtained by 
following expressions. 

𝑁𝑢ℎ = 𝑄ℎ
𝑘(𝑇ℎ−𝑇𝑐)

= ∫ 𝜕𝜃
𝜕𝑥

1
0 │𝑥=0 𝑑𝑌 (14) 

𝑁𝑢𝑐 = 𝑄𝑐
𝑘(𝑇ℎ−𝑇𝑐)

= ∫ 𝜕𝜃
𝜕𝑥

1
0 │𝑥=1 𝑑𝑌  (15) 

It has been found during investigation that, the average 
Nusselt number at the hot and cold walls is the same, which is 
taken as the average Nusselt number for the enclosure. 

 

Fig. 3: Comparison between present work and  
Berkovski-Polevikov correlation 

Grid-independence test is carried out to choose a suitable grid 
size for all calculations. Results for ϕ=0.01, dp=25 nm, 
Tc=303 K, Th=313 K and Raf=104 and 105 with different grids 
of 16×16, 20×20, 24×24, 28×28 and 32×32 are obtained. As 
the grid size is changed from 28×28 to 32×32, no remarkable 
variation in the results is observed. 

The computational procedure is validated by comparing the 
average Nu computed by the present code for different Ra 
with the Berkovski-Polevikov correlation [14, 15] which is 
based on experimental and numerical data for laminar natural 
convection of water in a square cavity differentially heated at 
sides. The results obtained by the present code are in very 
good agreement with the Berkovski-Polevikov correlation 
(Fig. 3). The accuracy of the solution tested from the energy 
balance of the cavity and validation of the code as described 
above does not encourage the authors to work with higher than 
32×32 grid size. 

4. RESULTS AND DISCUSSION 

   
(a)     (d) 

   
(b)     (e) 

   
(c)     (f) 

Fig. 4: Effect of Ra on the isotherm and streamline contour plots 
for ϕ=0.04 Tc =313 K, ∆T=10 K and dp=25nm. 

Numerical calculations are performed for different values of 
Raf (103-105), dp (25 nm-100 nm), Th (303 K-323 K) and the 
Tc (293 K-313 K). The contour lines of isotherm and constant 
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stream function plots correspond to equally spaced values of θ 
and ( 𝛹/𝛹𝑚𝑎𝑥) in the range between 1 and 0. The results 
may be analyzed and discussed as follows.  

 
Fig. 5: Distribution of (a) V vs X along horizontal mid-plane and 

(b) U vs Y along vertical mid-plane (dp =25 nm, Tc=313 K, 
ϕ=0.04) 

4.1. Effect of Rayleigh number 

 
Fig. 6: θ vs X along horizontal mid-plane with Ra as a  

parameter at Tc=313 K and ϕ=0.04 

 

Fig. 7: Variation of Nu along hot wall with different  
Ra (ϕ=0.04, Tc=313 K, dp =25 nm) 

When hot and cold wall temperatures, size and concentration 
of nanoparticles remain same, increase in Rayleigh number 
implies increase in the enclosure size. So, higher Rayleigh 
number results in higher buoyancy effect. For low Rayleigh 
number (Raf =103), convection is negligible due to less 
buoyancy effect and the fluid circulation rate is very low 
within the enclosure (Fig. 4 (a)). As Ra increases, the fluid 
circulates at higher rate due to increased buoyancy effect 
which is observed from the streamline contour plots (Fig. 4 (b) 
and (c)). For bigger enclosure (Ra=105), the extent of heat 
diffusion between the vertical active walls and the adjacent 
fluid is not up to the core. So the flow of fluid moves 
vertically near these walls and the core remains stagnant. The 
vertical velocity component of fluid along horizontal mid-
plane (Fig. 5) corroborates this. Then the fluid leaves the 
active walls and moves along the insulated horizontal walls. 
As there is no heat interaction of the fluid with the insulated 
horizontal walls, the fluid spreads out from the wall up to the 
core region. The distribution of streamlines also shows this. 
The heat transfer between hot and cold walls takes place 
mainly by conduction at lower Rayleigh number for which the 
isotherms are almost vertical (Fig. 4 (d)). But for higher 
Rayleigh numbers, the isotherms are more curved because of 
more convection effect (Fig. 4 (e) and (f)). As the heat transfer 
mechanism changes from conduction to convection, the 
isotherms are more compressed towards the wall and hence 
higher temperature gradient is observed near the hot and cold 
walls (Fig. 6). 

Fig. 7 shows the variation of local Nusselt number along the 
hot wall for various Rayleigh numbers. The cold fluid first 
interacts the hot wall at its bottom. Since the temperature 
difference between the wall and fluid is more, the heat transfer 
is more at the bottom of the hot wall. The temperature of the 
fluid is increased gradually as it receives more heat while 
moving upward and the temperature difference between the 
wall and fluid is decreased. So the Nusselt number is less at 
the upper portions of the hot wall compared to its bottom 
portion. Barring the uppermost region, the Nusselt number at 
any other location of the hot wall is more for higher Rayleigh 
number as the convection is more. For bigger enclosure, the 
fluid at the top portion of the hot wall is almost stagnant due to 
sudden change of direction at the corner. But for smaller 
enclosure, the fluid flows in to the corner portion at low 
velocities. 

4.2. Effect of nanoparticle diameter 

Fig. 8 shows the streamlines and isotherm contours for 
nanofluids with different nanoparticle sizes with same 
Rayleigh number and volume fraction. From Fig. 8 (a), it is 
observed that the streamlines are compressed towards the 
walls in case of larger particle diameter, which represents 
strengthening of flow of fluid inside the enclosure. The 

0 0.2 0.4 0.6 0.8 1
-60

-40

-20

0

20

40

60

Dimensionless horizontal coordinate X

Di
m

en
sio

nle
ss

 v
er

tic
al 

ve
loc

ity
 V

 

 

Ra=103

Ra=104

Ra=105

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

Dimensionless horizontal coordinate

D
im

en
si

on
le

ss
 m

id
-p

la
ne

 te
m

pe
ra

tu
re

 

 

Ra=103

Ra=104

Ra=105

0 2 4 6 8
0

0.2

0.4

0.6

0.8

1

Nusselt number Nu

D
im

en
si

on
le

ss
 v

er
tic

al
 c

oo
rd

in
at

e 
Y

 

 

Ra=103

Ra=104

Ra=105

 

Journal of Material Science and Mechanical Engineering (JMSME) 
p-ISSN: 2393-9095; e-ISSN: 2393-9109; Volume 2, Issue 13; October-December 



K.B. Sahu and Aparna Rout 
 

14 

distribution of vertical component of velocity (Fig. 9) 
illustrates the same. This is because with same volume 
fraction when particle diameter increases, the number of 
nanoparticles becomes less. So with increase in particle size 
the number of collisions between nanoparticles is reduced, 
which results in decrease in viscosity of the nanofluid. Due to 
higher circulation of fluid with increase in nanoparticle 
diameter, the isotherms are also compressed towards the walls 
as observed from Fig. 8 (b). So, the temperature gradient near 
the walls increases with increase in nanoparticle size (Fig. 10). 

   
(a)     (b) 

 dp = 100nm 
 dp = 25nm 

Fig. 8: Effect of the nanoparticle diameter on the (a) isotherm 
and (b) streamline contour plots for Ra=105,  

Tc=313 K, ∆T=10 K, ϕ=0.04 

 
Fig. 9: Distribution of V vs X along horizontal  

mid-plane (Ra=105, Tc=313 K, ϕ=0.04) 

 
Fig. 10: θ vs X along horizontal mid-plane with  

dp as a parameter at Tc=313 K and ϕ=0.04 

 
Fig. 11: Variation of Nu along hot wall with different  

dp (Ra=105, ϕ=0.04, Tc=313 K)  

 
Fig. 12: E (%) vs dp for various Ra with Tc=313 K and ϕ=0.04 

Fig. 11 shows the variation of Nusselt number along the hot 
wall for nanofluids of various nanoparticle sizes. The Nusselt 
number is more at the bottom portion of the wall compared to 
that at the top portion which has already been discussed. The 
Nusselt number at any location is more for nanofluids with 
bigger nanoparticles due to higher fluid motion. 

The increase in heat transfer performance of nanofluid 
compared to pure base fluid is expressed in terms of heat 
transfer enhancement, E which is defined [10] as 

𝐸 = ℎ
ℎ𝑓
− 1 = 𝑁𝑢

𝑁𝑢𝑓
� 𝑘
𝑘𝑓
� − 1 (16) 

Fig. 12 shows the variation of heat transfer enhancement with 
nanoparticle diameter for various Rayleigh numbers. The heat 
transfer enhancement is more for lower Rayleigh numbers as 
the conduction mode is dominant and the thermal conductivity 
of the nanofluid is more than the pure base fluid. But for 
higher Rayleigh numbers, as the convection effect dominates 
the conduction mode, the enhancement is more for higher 
Rayleigh numbers. The heat transfer enhancement is more 
with smaller nanoparticles for any given Rayleigh number 
keeping volume fraction constant. 
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5. CONCLUSION 

Natural convection of Al2O3/water nanofluid inside a 
differentially heated square enclosure is studied numerically. 
Simulations have been performed for different values of 
Rayleigh number of the base fluid (Raf), in the range of 103-
105, diameter of nanoparticles (dp), in the range of 25-100 nm. 
The conclusion is made as follows. 

• The circulation of nanofluid is more with increase in 
Rayleigh number keeping other parameters fixed. 

• The fluid motion is higher near the active walls with core 
stagnant for higher Rayleigh numbers. 

• The heat transfer from the active walls is more for higher 
Rayleigh number. 

• The fluid circulation is more for bigger nanoparticle sizes 
keeping other parameters constant. 

• The heat transfer enhancement is more effective with 
nanofluid compared to that with the base fluid for smaller 
enclosures where the heat transfer is mainly by 
conduction. 

• The heat transfer is more for nanofluids with smaller 
nanoparticles keeping volume fraction constant. 
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